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Supersymmetry of PT - symmetric tridiagonal Hamiltonians
M. W. AlMasri1, ∗
1Department of Physics, Koc¸ University, Rumelifeneri Yolu, 34450 Sarıyer, Istanbul, Turkey
The notion of pseudo-Hermiticity is introduced in the context of supersymmetric tridiag-
onal Hamiltonians. Our formalism works for Hermitian and non-Hermitian Hamiltonians
with real or complex-conjugate pair eigenvalues . We find the relation between matrix ele-
ments of the Hamiltonian H and its supersymmetric partner H+ in a given basis. Moreover,
the orthogonal polynomials in the eigenstate expansion problem attached to H+ can be re-
covered from those polynomials arising from the same problem forH with the help of kernel
polynomials. We apply our formalism to the case of shifted PT -symmetric Morse oscilla-
tor.
PACS numbers:
I. INTRODUCTION
Supersymmetry (SUSY) is a symmetry that connects bosonic and fermionic degrees of
freedom. It appeared for the first time in the context of relativistic quantum field theories [1, 2].
Moreover, it was found later that such symmetry can exist in non-relativistic quantum mechanical
systems. In this case, supersymmetry is an exact symmetry. Particles and their superpartners have
the same masses with spin difference equals to 1
2
. In contrast, supersymmetry in quantum field
theories is broken. The simplest case of supersymmetric quantum mechanics was proposed by
Witten In [3]. Later , it was shown that SUSY in quantum mechanics can give deep insights into
factorization method of Infeld and Hull [4] which can be used to categorize analytically solvable
potential problems [5]. The relation between one-dimensional solvable potentials and SUSY was
addressed by Gendenshtein through the concept of shape-invariant potentials [6].
It has been known for long time that unperturbed partial wave kinetic energy operator
H0 = −1
2
d2
dr2
+
ℓ(ℓ+1)
r2
has a tridiagonal representation in the complete Slater or oscillator basis
set {|φn〉} [7–10]. Supersymmetry of tridiagonal Hamiltonians was studied in [11]. It was
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2shown that if a positive semi-definite Hamiltonian has a tridiagonal representation in a given
orthonormal basis {|φn〉}, its supersymmetric partner Hamiltonian H+ will have the same matrix
representation in the same basis {|φn〉}[11]. By virtue of kernel polynomials, the orthogonal
polynomials in the eigenstate expansion problem attached to H+ can be recovered from those
polynomials arising from the same problem for H. The properties of shape-invariant potentials in
tridiagonal Hamiltonians was investigated in [12]. This method was elaborated to solve exactly
the supersymmetry of Morse oscillator [13].
In [14], Bender and Boettcher showed that special class of non-Hermitian Hamiltonians posses
real-eigenvalues in its spectrum. One feature of this special class of Hamiltonians is that they are
all PT -symmetric. Note that the opposite is not true in general. This lead to enormous studies of
PT -symmetric Hamiltonians and their properties especially in optics[15]. The supersymmetric
quantum mechanical treatment for PT -Hamiltonians with real eigenvalues was done in [16].
Throughout the present work, we study the supersymmetry of tridiagonal non-Hermitian
Hamiltonians with real or complex conjugate pair eigenvalues. We formulate the problem using
pseudo-Hermiticity notion where the Hilbert space of quantum states is endowed with a Hermitian
indefinite inner product. Very recently, supersymmetry of tridiagonal non-Hermitian Hamiltoni-
ans was studied in [17] . However, our formalism is different from that presented in [17] . For
example, we have used one basis set while in [17] they used two basis sets. Moreover, they used
two sets of annihilation and creation operators in order to describe the bi-squeezing light while
we have used one set of creation and annihilation operators. Furthermore, we solve exactly PT -
Morse potential in the tridiagonal representation domain.
The organization of paper goes as follows, in section (II) we give a formal definition of super-
symmetric quantum mechanics (SQM) according to Witten [3] and extend it using the notion of
pseudo-Hermiticity to include Hermitian and non-Hermitian Hamiltonians with real eigenvalues.
We breifly discuss the hierarchy method of PT - tridiagonal Hamiltonians in section (III) . In
section (IV), we express the pseudo-Hermitian Hamiltonian in tridiagonal representation and cal-
culate the matrix elements for H and its superpartner H(+). The eigenstates expansion in terms
of orthogonal polynomials are presented in (V). Finally we apply the developed formalism to the
case of PT -symmetric shifted Morse oscillator.
3II. SUPERSYMMNETRIC QUANTUM MECHANICS AND PSEUDO-HERMITICITY
Consider a quantum mechanical system which consists of a Hilbert space H and the Hamilto-
nian H. This system is considered to be supersymmetric if and only if:
First, H consists of two subspaces H+ and H− and there exists an operator (−1)F with
condition [(−1)F ]2 = 1 , such that
(−1)F [Ψ] =±Ψ, (2.1)
where Ψ ε H± and F is the fermion number operator from which we obtain the chirality operator
as (−1)F . The quantum states represented by the elements of H+ and H− are called the bosonic
and fermionic states, respectively. Second, there must exist N operators QI , I = 1, . . .N, such that
QI(H±) = H∓, (2.2)
QI †(H±) = H∓, (2.3)
{(−1)F ,QI}= {(−1)F ,QI †}= 0, (2.4)
Where {,} is the anti-commutator and Q is the non-Hermitian supersymmetric charges or genera-
tors. Finally, SUSY generators should satisfy the following general superalgebra conditions
{QI,QJ †}= 2δ IJ H (2.5)
{QI,QI †}= {QJ,QJ †}= 0, (2.6)
where I,J = 1, . . .N and δ IJ is the Kronecker delta. These equations can also be rephrased in the
form
H =
1
2
(QIQI †+QI †QI) (2.7)
(QI)2 = (QI †)2 = 0, (2.8)
For all I = 1, . . .N.
It is possible to define 2N-Hermitian SUSY charges as
QI1 :=
1√
2
(QI +QI †), (2.9)
QI2 :=
1√
2
(QI−QI †). (2.10)
4and the anti-commutator is
{QIα ,QJβ}= 2δαβ δ IJH, (2.11)
{QI1,QI2}= 0, (2.12)
where α,β = 1,2 and I,J = 1,2, . . .N. Alternatively, the Hamiltonian takes the form
H = (QI1)
2 = (QI2)
2 (2.13)
The generalization of SUSY-QM to the case of non-Hermitian PT -symmetric Hamiltonians was
investigated in [18]. By definition, a PT -symmetric Hamiltonian satisfies
PT H(PT )−1 = PT HPT = H, (2.14)
Here P and T are the parity and time-reversal operators respectively. These operators are defined
in the following way
P x P =−x , P p P =−p ,T i 1T =−i1. (2.15)
In case of PT -symmetric Hamiltonians, the inner product of two states φ1 and φ2 is defined
with respect to a linear Hermitian automorphisms η in the Hilbert space H as [19]
〈〈φ1|φ2〉〉η = 〈φ1|η|φ2〉. (2.16)
which reduces to the ordinary Hermitian inner product when η = 1. The inner product defined
in 2.16 is invariant under time translation generated by the Hamiltonian H if and only if H is η
pseudo-Hermitian [19]. The pseudo superalgebra is given by the relations ( we omitted the index
I for the sake of simplicity)
{Q,Q♯}= 2H, Q2 = Q♯2 = 0. (2.17)
Where Q♯ = η−1Q†η .
As an example, consider a two-level system N = 2 with two-component representation in the
Hilbert space where states are defined as column vector

|φ+〉
|φ−〉

. In this representation, the
grading involution τ , the linear Hermitian automorphism η , the supercharge Q and Hamiltonian
5can be written in matrix form as [19]
τ =

1 0
0 −1

 η =

η+ 0
0 η−

 (2.18)
Q=

0 0
A 0

 H =

H+ 0
0 H−


Clearly, the grading operator τ is even with respect to the linear Hermitian automorphism η since
[τ,η] = 0. The HamiltoniansH+=A
♯A andH−=AA♯ are in constructed from the shifting operator
A : H+ →H−. A maps the eigenvectors of H+ to those of H− while A♯ does the opposite action.
III. FACTORIZATION AND THE HIERARCHY OF TRIDIAGONAL HAMILTONIANS
One advantage of supersymmetric quantummechanics is the factorization techniques that allow
us to factorize the Schrodinger equation and expressing the Hamiltonain as H = A†A+ constant
term(s) [5, 20]. The generic Hamiltonian with tridiagonal representation reads
H± =− h¯
2
2m
d2
dr2
+
ℓ(ℓ+1)
2r2
+V±(r) (3.1)
Here V±(r) gives the superpartner potentials. The total potential can be defined using the superpo-
tentialW =− h¯√
2m
[dlnΨ0
dr
] as [5]
V tot± =W
2± h¯√
2m
dW
dr
(3.2)
where V tot± =
ℓ(ℓ+1)
2r2
+V± , and the ground state wavefunction can be computed from the superpo-
tential up to normalization constant as
Ψ0 ∼ exp[−
√
2m
h¯
∫ r
W (r′)dr′] (3.3)
We can factorize the Hamiltonian 3.1 as
H+ = A
†A (3.4)
H− = AA† (3.5)
Where the bosonic operator A and its Hermitian conjugate are
A=
h¯√
2m
d
dr
+W (r), A† =− h¯√
2m
d
dr
+W (r). (3.6)
6For unbroken supersymmetry, the ground state energy is zero. Thus , we have
H1Ψ0 =
−h¯2
2m
d2Ψ0
dr2
+
ℓ(ℓ+1)
2r2
Ψ0+V±Ψ0 = 0 (3.7)
We can solve the differential equation 3.7 and find an expression for V tot± defined with respect to
the ground state wave function and its second derivative with respect to the radial coordinate r,
V tot1 =
h¯2
2m
Ψ
′′
0
Ψ0
(3.8)
where ′ denotes the derivative with respect to the radial coordinate r. The Hamiltonian 3.7 factor-
izes as
H1 =− h¯
2
2m
d2
dr2
+V tot1 (r) (3.9)
= A1A
†
1+E
(0)
1 . (3.10)
After some calculation we get the Riccati equation for the superpotentialW1,
W 21 −W ′1 =
2m
h¯2
(V tot1 (r)−E01). (3.11)
The supersymmetric partner of Hamiltonian H1 is
H2 =− h¯
2
2m
d2
dr2
+V tot2 (r) (3.12)
= A2A
†
2+E
(0)
2 . (3.13)
and the corresponding Riccati equation takes the form
W 22 −W ′2 =
2m
h¯2
(V tot2 (r)−E02). (3.14)
By iteration we can express the general Hamiltonian and Riccati equations respectively as
Hn =− h¯
2
2m
d2
dr2
+V totn (r) (3.15)
= AnA
†
n+E
(0)
n . (3.16)
W 2n −W ′n =
2m
h¯2
(V totn (r)−E0n). (3.17)
For unbroken supersymmetry, the partnter Hamiltonians obey the following expressions
E0n+1 = E
1
n (3.18)
7with E00 = 0 and n = 0,1,2, . . . . and the wave functions with the same eigenvalues can be found
using
Ψ
(1)
n =
A†Ψ
(0)
n+1√
E
(0)
n
(3.19)
Ψ
(0)
n+1 =
AΨ
(0)
n√
E
(0)
n
(3.20)
The detailed study of hierarchy method for tridiagonal Hamiltonians such as partial-wave ki-
netic energy, harmonic and Morse oscillators was done in [12]. The same procedure holds for
complex potentials with PT -symmetry such as PT -symmetric generalized Rosen-Morse II
2iB tanhαx−A(A+ α h¯√
2m
)sech2αx+ iC tanhαx sech2αx which has tridiagonal representation in
Jacobi polynomial basis (1− tanh(x)) µ2 (1+ tanh(x)) ν2P(µ,ν)n (tanh(x)) [21, 22]. Unlike the real
case, the parameters µ and ν of Jacobi polynomials are complex conjugate µ = ν . The term
ℓ(ℓ+1)
2r2
appears in the three-dimensional problems such as unperturbed partial wave kinetic term
and radial Coulomb potential which is not PT -symmetric but has a tridiagonal representation in
the associated Laguerre polynomial basis. For one-dimensional complex potentials such term is
absent.
IV. PSEUDO-HERMITIAN SUPERSYMMETRIC HAMILTONIANS IN TRIDIAGONAL
REPRESENTATION
We assume the matrix representation of a given positive-definite Hamiltonian H in a complete
orthonormal basis {|φn〉} where n= 0,1,2, . . . , is tridiagonal in the following manner
〈φm|H|φn〉= bn−1 δm,n+1+an δn,m+b⋆n δm,n−1, (4.1)
where {an,bn} are complex coefficients, and b−1 = 0. We define a forward-shift operator A by its
action on each element of the basis {|φn〉} as
A |φn〉= cn |φn〉+dn |φn−1〉. (4.2)
where the coefficients {cn,dn} are to be defined later expect to d0 = 0. Because the backward-
shifted A† is the adjoint of A, we require that
A† |φn〉= c⋆n |φn〉+d⋆n+1 |φn+1〉 (4.3)
8n= 0,1, . . . , and ⋆ denotes the complex conjugation operation. Note that when cn = 0 in equations
4.2 and 4.3, the operators A and A† become the lowering and raising operators, respectively. The
product operator A†A has the following tridiagonal representation in the given basis {|φn〉} as
follows
〈φm|A†A|φn〉= cnd⋆n+1 δm,n+1+(|cn|2+ |dn|2) δm,n (4.4)
+dnc
⋆
n δm,n−1.
where n,m= 1,2, . . . . Using 4.2 and 4.3 on a given basis {|φn〉}, we obtain
A†A|φn〉= A†(A|φn〉) = A†(cn |φn〉+dn |φn−1〉) (4.5)
= cnc
⋆
n |φn〉+ cnd⋆n+1 |φn+1〉+dnc⋆n−1 |φn−1〉+dnd⋆n |φn〉
= cnd
⋆
n+1 |φn+1〉+(|cn|2+ |dn|2) |φn〉+dnc⋆n |φn−1〉
Next, the matrix elements 〈φm|A†A|φn〉 can be calculated by taking the inner product of the previ-
ous relation alongside with the orthonormality condition 〈φm|φn〉 = δm,n. Here we considered the
usual orthonormality condition since the effect of non-Hermiticity was included in the action of
operators A and A† on a given basis {|φn〉} see equations 4.2and 4.3. This gives the desired result
〈φm|A†A|φn〉= cnd⋆n+1 δm,n+1+(|cn|2+ |dn|2) δm,n+dnc⋆n−1 δm,n−1. (4.6)
On other hand, one can instead use the condition 〈〈φm|φn〉〉 = 〈φm|η|φn〉. In this case, we can
define the action of operators A and A† on given basis {|φn〉} as [11]. The coefficients {an,bn}
defined in 4.1 are connected with {cn,dn} via the relations
an = |cn|2+ |dn|2; (4.7)
bn = cn d
⋆
n+1 (4.8)
From 4.7 and 4.8 , we find the following condition between the coefficients
a0d
⋆
1 = |b0|2. (4.9)
Now, let us calculate the supersymmetric partner Hamiltonian H+ in the same basis {|φm〉} of the
original Hamiltonian. It is not difficult to notice that H+ has a tridiagonal representation in the
same basis of H as follows
〈φm|H+|φn〉= b+n+1 δm,n+1+a+n δn,m+(b⋆n)+ δm,n−1, (4.10)
9If the operators A and A† act on the basis elements {|φn〉} according to 4.2 and 4.3 respectively.
The product operator AA† has the following tridiagonal representation in the given basis {|φn〉} as
follows:
〈φm|AA†|φn〉= d⋆n+1cn+1 δm,n+1+(|cn|2+ |dn+1|2) δm,n+ (4.11)
c⋆ndn δm,n−1.
where n,m= 1,2, . . . . This can be proven using 4.2 and 4.3 on a given basis {|φn〉}, we obtain
AA†|φn〉= A(A†|φn〉) = A(c⋆n |φn〉+d⋆n+1 |φn+1〉) (4.12)
= cnc
⋆
n |φn〉+ c⋆ndn |φn−1〉+d⋆n+1cn+1 |φn+1〉+d⋆n+1dn+1 |φn〉
= d⋆n+1cn+1 |φn+1〉+(|cn|2+ |dn+1|2) |φn〉+ c⋆ndn |φn−1〉.
By virtue of orthonormality condition 〈φm|φn〉= δm,n we obtain the equation 4.11. The coefficients
in 4.10 are connected with cn and dn in the following way
a+n = |cn|2+ |dn+1|2, (4.13)
b+n = d
⋆
n+1cn+1. (4.14)
If we consider A and A† as lowering and raising operators respectively, we would then have van-
ishing cn and c
⋆
n coefficients. In that case, both H and H
(+) are diagonal in this basis {|φn〉} as
follows
Hnm = |dn|2δm,n, (4.15)
H
(+)
nm = |dn+1|2δm,n.
As a final comment, the energy eigenvalues E
(+)
n of the superpartner Hamiltonian H
(+) are con-
nected with the energy eigenvalues En of the Hamiltonian H through the relation E
(+)
n = En+1 as
expected for any SUSY quantum mechanical model.
V. EIGENSTATES EXPANSION USING ORTHOGONAL POLYNOMIALS
The action of Hamiltonian H in the tridiagonal representation is given by
H|φn〉= bn−1|φn−1〉+an|φn〉+b⋆n|φn+1〉 (5.1)
10
n= 0,1, . . . . One other hand, the Hamiltonian H obeys the following eigenvalue equation
H|ψE〉= E|ψE〉, (5.2)
where |ψE〉 is the set of energy eigenstates. It is convenient in our case to expand |ψE〉 in term of
the basis set {|φn〉} as
|ψE〉= Σ∞n=0 Cn(E) |φn〉. (5.3)
Here C (E) are defined as complex coefficients despite the fact thatH might be a Hermitian Hamil-
tonian. Then, making use of equation 5.3 and the orthonormality of basis set {|φn} in 5.1 gives the
following recurrence relation of the expansion coefficients C (E)
E Cn(E) = bn−1 Cn−1(E)+an Cn(E)+b⋆n Cn+1(E). (5.4)
The coefficients C (E) satisfy the orthonormality condition∫
Ω(E)
C
⋆
n (E) Cm(E) dE =
∫
Ω(E)
〈φn|ψE〉dE〈ψE |φm〉= 〈φn|φm〉= δn,m. (5.5)
where Ω(E) is the energy support of the Hamiltonian H. For general case, when we have both
discrete and continuous energy spectrum, the orthonormality condition becomes
δm,n = Σα C
⋆
α(Eα) Cm(Eα)+
∫
Ω(E)
C
⋆
n (E) Cm(E) dE. (5.6)
Let us define P(E) as
Pn(E) =
Cn(E)
C0(E)
(5.7)
with P0(E) = 1 and P1(E) = (E− a0)(b⋆0)−1. By plugging 5.7 in 5.4 we obtain the following
three-recursion formula
EPn(E) = bn−1Pn−1(E)+anPn(E)+b⋆nPn+1(E). (5.8)
The coefficients (cn,dn) are related to the values at zero of consecutive polynomial Pn(0) as
(d⋆n+1)
2 =−bn Pn(0)
Pn+1(0)
, (5.9)
|cn|2 =−b⋆n
Pn+1(0)
Pn(0)
. (5.10)
Since the supersymmetric partner Hamiltonian has the same tridiagonal representation in the same
basis, we write
EP
(+)
n (E) = b
(+)
n−1 P
(+)
n−1+a
(+)
n P
(+)
n (E)+(b
(+)
n )
⋆
P
(+)
n+1(E). (5.11)
11
With the initial conditions P
(+)
0 (E) = 1 and P
(+)
1 (E) = (E− a+0 ) b−10 . Note that (b(+)n )⋆ = bn.
The polynomials Pn(E) are related to their supersymmetric partner P
(+)
n (E) via the following
relation
P
(+)
n (E) =
√
b0P1(0)
bnPn(0)Pn+1(0)
K0(E,0). (5.12)
Where Kn(E,0) = Σ
n
j=0P j(E)P j(0) denotes the kernel polynomials [11].
VI. SUPERSYMMETRY OF NON-HERMITIAN PT -SYMMETRIC MORSE OSCILLATOR
The generalized non-Hermitian PT - Morse potential is given by
V (x) =V1e
−2iαx−V2e−iαx (6.1)
=V (e−2iαx−qe−iαx). (6.2)
where V =V1 and q=
V2
V1
. We choose V =V0 and q= 2, then the potential reads [23]
V (x) =V0(e
−2iαx−2e−iαx), (6.3)
where V0 and α are real parameters of the potential. We followed the original choice of Morse
regarding the coefficients in front of the exponents [24]. One interesting feature of Morse Hamilto-
nian is the possibility of having a discrete energy spectrum depending on the parameterV0 besides
its continuous ones. However, in contrast to real Morse Hamiltonian the potential 6.3 is bounded
and periodic function. However H is unbounded non-self adjoint operator. Also it has imaginary
and real part. We found this potential to posses real values only for x = npiα where n is an integer.
Thus for potential defined as 6.3 the real spectrum is discontinuous. This fact means that PT
Morse potential has exact PT -symmetry for specific input values. Another alternative way for
obtaining real values was addressed in [23] for generalized Morse potential defined in 6.1 . We ap-
ply our developed formalism in earlier sections to the case of PT -symmetric and non-Hermitian
shifted Morse Hamiltonian written in atomic units h¯= m= 1 as [13]
H =−1
2
d2
dx2
+V0 (e
−2iαx−2e−iαx)+ 1
2
α2D2, (6.4)
where D = iα−1
√
2V0− 12 . Before we start our analysis of PT -symmetric Morse potential it
would be important to trace the energy spectrum and verify it is real on some interval. To answer
12
this exactly we numerically find the eigenvalues of 6.3 in a Hermite orthogonal basis endowed
with a free scale parameter λ
ψn(x) = Ane
− λ2x22 Hn(λx), (6.5)
where An =
√
λ
2nn!
√
pi
. This basis does not make 6.3 tridiagonal but it is nice on two counts. First it
is complete in the x-space over the interval (−∞,∞)which is the range of Morse potential. Second,
for any desired value N, it generates two sets of numbers , the discrete points {xµ}N−1µ and the
associated matrix {Γn,µ}N−1µ,n to enable us doing integrals approximately, but accurately, simply as
quadrature
Sn,m ≡
∫
dx ψn(x)S(x)ψn(x)≃ ΣN−1µ=0 Γn,µ S(xµ)Γm,µ . (6.6)
For any function S(x) such as PT -Morse potential. For N = 70 and λ = 12 we were able
to verify the reality of eigenvalues of PT -Morse potential. For lower scale parameter some
complex eigenvalues creep usually in pairs. If we go higher than λ = 10, we have a pure real
spectrum.
The Morse Hamiltonian is known to have a tridiagonal representation using the following or-
thogonal basis [13, 22]
φn(x) =
√
in!α
Γ(n+2γ +1)
(ξ )γ+
1
2 e−
1
2ξ L2γn (ξ ), (6.7)
where ξ =
√
−8V0
α2
e−iαx and L2γn (ξ ) is the associated Laguerre polynomial[25]. In contrast to
ordinary case L
µ
n (z) is a function of complex variable z. The basis 6.7 vanishes asymptotically
when x→∞ if and only ifV0 is negative demandingα to be positive parameter [26]. We considered
one set of basis 6.7 for simplicity. However as emphasized by Znojil in [23] it is possible to write
the total wavefunction for the one-dimensional PT -Morse potential as a sum of two terms one
of them is what I considered in 6.7 and other term which is the same but with γ →−γ . The basis
set 6.7 can be written in term of confluent hypergeometric function of the first kind 1F1(a;b;x)
since L
2γ
n (ξ ) =
(2γ+1)n
n!
1F1(−n;2γ +1;ξ ) where (2γ +1)n is the Pochhammer symbol [27].
The matrix representation of the shifted Morse Hamiltonian is
〈φn|H|φm〉= bn−1 δn,m+1+an δn,m+b⋆n δn,m−1. (6.8)
Since the Hamiltonian H obeys the eigenvalue equation H|ψE〉= E|ψE〉 we can make the follow-
ing expansion |ψE〉= Σ∞n=0 Cn(E) |φn〉. We note that C (E) satisfies a recursion relation similar to
13
5.4. More explicitly, we have the following
E Cn(E) =−α
2
2
√
n(n+2γ)
(
n− 1
2
+ γ −D) Cn−1(E) (6.9)
+
α2
2
((
n+ γ +
1
2
−D⋆) · (n+ γ + 1
2
−D)−n(n+2γ)−D2) Cn(E)
−α
2
2
√
(n+1)(n+2γ +1)
(
n+ γ +
1
2
−D⋆) Cn+1(E).
Using the fact that D⋆ =−D, the previous equation simplifies to
E Cn(E) =−α
2
2
√
n(n+2γ)
(
n− 1
2
+ γ −D) Cn−1(E) (6.10)
+
α2
2
((
n+ γ +
1
2
)2−D2)+n(n+2γ)−D2) Cn(E)
−α
2
2
√
(n+1)(n+2γ +1)
(
n+ γ +
1
2
+D
)
Cn+1(E).
Where the polynomials Cn(E) can be defined in terms of the continuous dual Hahn polynomials
Sn as [27]
Cn(E) =
√
Γ(n+2γ +1)
n!
Sn(λ
2,−D,γ + 1
2
,γ +
1
2
). (6.11)
λ =
√−2α−2E−D2. From the previous relation we obtain the following exact expression for
Pn ,
Pn (E) =
Cn(E)
C0(E)
(6.12)
=
(−1)n (γ + 1
2
−D))
n√
n!(2γ +1)n
×
3̥2

 −n 1−D+ iλ 1−D− iλ
γ + 1
2
−D γ + 1
2
−D
| 1


Following the developed formalism in IV, we need to calculate the coefficients (cn,dn) in order
to find a+n and b
+
n that appear in the matrix representation of supersymmetric partner Hamiltonian
H+ 4.10. Thus, we have the following relations
cn =
iα√
2
(n+ γ +
1
2
−D), (6.13)
dn+1 =− iα√
2
√
(n+1)(n+1+2γ). (6.14)
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By plugging 6.13, 6.14 in 4.13 and 4.14, we find
a
(+)
n =
α2
2
((n+1)(n+2γ +1))+
(
n+ γ +
1
2
)2−D2) (6.15)
b
(+)
n =−α
2
2
√
(n+1)(n+2γ +1)
(
n+ γ +
3
2
−D
)
(6.16)
for every n = 0,1,2, ... . From 5.12 we can find the relation for P
(+)
n (E) provided that we have
determined Pn (E) in 6.12
P
(+)
n (E) =
(−1)n (γ + 3
2
−D))
n√
n!(2γ +1)n
× (6.17)
3̥2

 −n 1−D+ iλ 1−D− iλ
γ + 3
2
−D γ + 3
2
−D
| 1

 .
VII. CONCLUSION
We have extended the study of supersymmetric tridiagonal Hamiltonians to include PT -
symmetric non-Hermitian Hamiltonians using the concept of pseudo-Hermiticity. Our developed
formalism can be used for Hermitian as well as non-Hermitian Hamiltonians so it is a generaliza-
tion to [11]. We have calculated the matrix coefficients for the Hamiltonian H and its supersym-
metric partner H(+). Moreover we have expanded the eigenstates of H and its supersymmetric
partner in terms of orthogonal polynomials. We proved that orthogonal polynomials attached to
H(+) can be determined from the orthogonal polynomials attached to H with the help of kernel
polynomials. We examined our formalism by solving the PT -symmetric shifted Morse potential
exactly.
The author is very much indebted to Miloslav Znojil for his comments on earlier draft of this
work.
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